We develop an algorithm for computing numerical evidence for a conjecture whose validity is predicted by the requirement that the Equivariant Tamagawa Number conjectures for Tate motives as formulated by Burns and Flach are compatible with the functional equation of Artin Ä-series. The algorithm includes methods for the computation of Fitting ideals and projective lattices over the integral group ring.
Introduction
For any number field Ä we write Ç Ä for its ring of algebraic integers.
For each natural number Ò we let Ò denote a primitive Ò-th root of unity and write É´ Ò µ for the Ò-th cyclotomic field. If Ò is squarefree, then Hilbert proved (cf. [15, Th. 132]) that Ð´É´ Ò µ É µ℄ ¡ Ò Ç É´ Òµ (1) Let Ä Ã denote a Galois extension of number fields with group . In [2] and [3] we formulated a conjecture which is a wide-ranging generalization of equality (1) . In this paper we will exclusively deal with the abelian case (as presented in [2] ),where this conjecture takes the form of an equality betweeen two rank one ℄-sublattices of ℄, namely a lattice constructed from Galois Gauss sums and a lattice which is related to the choice of a finitely generated projective -sublattice Ä of Ä. If Ä Ã is at most tamely ramified, then Noether proved that Ç Ä is a projective ℄-module. In this case we always take Ä Ç Ä . In general however, if we allow wild ramification, we are not aware of any canonical candidate for Ä and we use invariants which arise from theétale cohomology of Ñ to compensate for our choice of Ä.
In [2] and [3] it is shown that our conjecture is a strong refinement of Chinburg's ª ¾ -conjecture (cf. [8] ). In another (probably more important) direction, it can be interpreted in terms of functional equation compatability of the 'Equivariant Tamagawa Number conjectures' of [5] and [6] for the pairs´ ¼´Ë Ô ´Äµµ ℄µ and´ ¼´Ë Ô ´Äµµ´½µ ℄µ.
There is already some evidence in favour of the conjecture. It is proved if Ä Ã is at most tamely ramified (cf. [3, Cor. 7.7] ) or if Ã É and Ä É is an abelian extension of odd conductor (cf. [2, Th. 4.1] and [3, Th. 6 
.1]). Concerning wildly ramified (abelian)
extensions Ä Ã, Ã É , there is only very little evidence. In this paper we will deal with this situation and present an algorithm which verifies the above mentioned conjecture (up to the precision of the computation) for certain abelian extensions Ä Ã. The algorithm has been implemented under PARI-GP [20] for extensions Ä Ã of odd prime degree of a real-quadratic field Ã and applied to many examples, so that we can provide new numerical evidence for the validity of the conjecture in the wildly ramified relative case. Very recently, M. Breuning in [4] used an adapted version of this implementation together with interesting new theoretical results to prove(!) the conjecture for all dihedral extensions of É of order . The structure of the article is as follows: in Section 2 we recall the formulation of the conjecture. In Section 3 we describe our algorithm and in Section 4 we work out an explicit example.
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The conjecture
First we briefly recall the notion of the Grothendieck-Knudsen-Mumford determinant functor. For more details the reader is referred to [19] , or for a short summary of the relevant facts to [ A perfect complex of Ê-modules is a complex of Ê-modules which is quasi-isomorphic to a bounded complex of finitely generated projective Ê-modules. We write ´Êµ for the derived category of the abelian category of Ê-modules, and Ô Ö ´Êµ for the subcategory consisting of perfect complexes. Then Ø Ê extends to give a well defined functor from Ô Ö ´Êµ (with morphisms restricted to isomorphisms) to the category of graded invertible
Ê-modules.
We say that a Ê-module AE is perfect, if it is finitely generated and of finite projective dimension. Such a module viewed as a complex centered in degree ¼ is a perfect complex and we set Ø Ê´AE µ Ø Ê´AE ½℄µ. where for any number field we write ´ µ for the Galois Gauss sum described in [13, Ch.I, Ü5].
We write Ä for the absolute discriminant of Ä and finally define
Recall that the Galois Gauss sum is the essential part of the epsilon factor which arises in the functional equation of Artin Ä-functions (cf. [13, (5.22) ]). Roughly speaking, the conjecture of [2] asserts that the lattice ℄ ¡ Ä Ã is equal to a ℄-sublattice of ℄ constructed from certain algebraic data associated to Ä Ã.
To recall the definition of this lattice we have to introduce some more notation. For any number field we write ¦´ µ for the set of embeddings of into and Ë´ µ, resp. Ë ´ µ, for the set of places, resp. non-archimedean places, of . 
An algorithm
Let Ã denote a number field of degree over É . We let Ä Ã denote an abelian extension of number fields of degree Ò. Our aim is to develop an algorithm to check the validity if Conjecture 2.1 up to the precision of the computation.
We assume that Ä Ã is given by class field theoretic data as described in [10, Chap. 3 and 4]. In particular, we let Ä Ã denote the conductor of Ä Ã and write Ð ´Ãµ for the ray class group modulo . Let À Ð ´Ãµ denote the subgroup of index Ò corresponding to the given extension Ä. If is any intermediate field of Ä Ã, we further assume that we are able to compute a defining polynomial for and also its ring of algebraic integers. In this context recently developed algorithms due to Cohen and Roblot (cf. [10, Chap. 6] or [22] ) are very useful.
For some (essential) parts of the algorithm we will have to assume the following
Hypothesis (H):
If Ú ¾ Ë ´Ãµ is wildly ramified in Ä Ã, then the decomposition group Ú is cyclic.
Computation of Ä
Let Ä Ã denote an abelian extension of number fields and set Ð´Ä Ãµ. In this subsection we do not assume Hypothesis (H). As before we write Ï´Ä Ãµ for the set of finite places of Ã which ramify wildly in Ä Ã. For each place Ú ¾ Ï´Ä Ãµ we fix an extension Û ¾ Ë ´Äµ above Ú. Henceforth we identify the place Ú (resp. Û) with a prime ideal Ô of Ç Ã (resp. È of Ç Ä )and write Û Ô (resp. Û È ) for the associated normalized valuations. For Ú ¾ Ë ´Ãµ and a finitely generated Ç Ã -module we write ´Úµ for the localization and Ú for the completion of with respect to Ú.
We first give a brief outline of the algorithm for the computation of Ä and then work out the single steps in greater detail.
Step 1: For each place Ú ¾ Ï´Ä Ãµ set Ä Ú and construct a normal basis element
Here Û denotes the ramification index of Û in Ä É and Ô È . We set ´Úµ Ç ´×µ Ú ℄ Ú where × ¾ Ë ´ µ is the place uniquely determined by Û × Ú.
Step 2: For each place Ú ¾ Ï´Ä Ãµ compute ¼´Ú µ ´Úµ Ç Ä .
Proposition 3.1. Ä is a finitely generated projective ℄-sublattice of Ä and satisfies (2) with Ä Û Ç ÃÚ Ú ℄ Ú . Moreover, the Ú-adic exponential map is well-defined and injective on Ä Û .
Proof. We consider the ℄-projective sublattice Ä specified by its Ú-adic localisa-
Passing from localisations to completions shows that it is enough to prove Proof. It is enough to show that constitutes a set of representatives of ¼´Ú µ Ç Ú ℄ Ú .
Hence it suffices to prove that ¼´Ú µ ´Úµ È ÒÚ . But this is clear from the definitions.
In order to compute the set we represent each Þ ¾ ½ in the form
Alg. 4. 
Therefore the main task in the computation of Á´Ú Äµ ist the computation of
To that end we first describe a procedure to compute a representation of the finite
together with its -action determined by a matrix
Here and in the following Ü means the transpose of a matrix or vector Ü. Note that the -th column of Ë ¼ is only defined modulo Ñ .
In the next subsection we will then develop an algorithm which uses data of this kind to compute the Fitting ideal of a finite ℄-module.
We set Ä and recall that ¼´Ú µ Ç ´×µ ℄ Ú Ç Ä with Û × Ú (see Sec. 3.1).
As in Proposition 3.1 we set Ä Û Ç ÃÚ ℄ Ú . Let Ô Ú (resp. È Û ) denote the valuation ideal in Ã Ú (resp. Ä Û ). Proof. Let Õ be the prime of Ç corresponding to the place ×. 
Computation of Fitting ideals
In this subsection we let denote any finite abelian group. Let be a finite ℄-module given as a direct product ½ ¢ ¢ × ÓÖ ´ µ Ñ together with matrices ´ µ ¾ such that
Note that the -th column of ´ µ is only determined modulo Ñ . Our objective is to compute the Fitting ideal ØØ ℄´ µ. Let ½ Ò .
Step 1: Compute the integer kernel AE of the matrix
Ñ × ½
Put Ñ Ò× and let Þ ½ Þ Ñ denote a -basis of AE. Step 4: Let denote the matrix defined bý
Compute the HNF À of .
Step 5: Output À (the columns of À correspond to a -basis of ØØ ℄´ µ).
Proof of the correctness of the algorithm
Consider the epimorphism In applications one often knows that É Ö´ µ is ℄-projective. Moreover, for small groups , the Picard group È ´ ℄µ is often trivial, so that É is actually a free ℄-module. over Dedekind domains to compute the Fitting ideal over the maximal order. Unfortunately we could not find an algorithm which computes ØØ ℄´ µ from the knowledge of ØØ ℄´ µÅ. 
An example
The algorithm described in Section 3 was implemented under PARI-GP [20] , Version 2.0.20, for cyclic extensions Ä Ã of odd prime degree Ð of a real quadratic number field Ã. For simplicity we also assumed that the class number of Ã is trivial. We describe an explicit example. All computations were done with a real precision of ¾ significant digits. Let Ã É´Ô ¿µ and set
The PARI function bnrinit computes the the ray class group Ð ´Ãµ, which is of order ¿ , generated by two elements ½ ℄ ¾ ℄, where ½ ´½ · µ ¾ ´½½µ and ÓÖ ´ ½ ℄µ ½¾ ÓÖ ´ ¾ ℄µ ¿. We let Ä denote the class field corresponding to the subgroup À ¿ ½ ℄ ½ ℄ · ¾ ℄ . Then Ä has conductor . We use the PARI-routine bnrstark to compute the defining polynomial ´Üµ Ü ¿¼Ü ½¼Ü ¿ · ¾¾ Ü ¾ · ½ ¼Ü ¾ Let « denote a root of so that Ä É´«µ.
By applying bnfinit we obtain the ring of integers, the ideal class group and a system of fundamental units for Ä. The class number of Ä is ½. AE Ã É´ µ Ä Ã , which is known to be rational, is then given by
Finally we compute Á, which is given by the -generators
As predicted by Conjecture (2.1) all coefficients are approximately rational integers. To simplify the presentation of these numerical results we have given only decimal digits. In fact, the computation produced group ring elements whose coefficients agree with rational integers in the first ¾ decimal digits. If we round and compute the HNF we finally see that Á ℄ and thus have numerically verified Conjecture (2.1).
The algorithm has been applied to a lot more examples, each time establishing the validity of Conjecture 2.1. These numerical results can be found under http://www.math. uni-augsburg.de/˜bley. Let denote the group of abelian characters of . The absolute Galois group ª Ð´É É µ acts on and the É ℄-irreducible characters are parametrized by the ª- where denotes the usual idempotent associated to the absolutely irreducible character . The strategy for our algorithm is to adapt the Hermite Normal Form (HNF) algorithm over . As a first step we develop a method which will replace the Euclidean algorithm. to a system of linear equations with integral coefficients for which we compute a integral solution.
